In this paper, we prove that a smooth projective curve over a finite field can be recovered from L-functions associated to the Hilbert class field of the curve and its constant field extensions. As a consequence, we give a new proof of the theorem of Mochizuki and Tamagawa that an isomorphism between the fundamental groups of two such curves comes from an isomorphism between the curves themselves.
Introduction
It has long been known that the zeta function of a global field does not determine the field uniquely (e.g. for function fields, take isogenous, but non-isomorphic, elliptic curves).
Recently, there has been work done to recover a global field from more refined invariants of a similar nature. For example, [CdSL + 19] proves that a global field can be recovered from the collection of all its abelian L-functions. Another example is the conjecture [SV, Conjecture 2.2] which predicts that the zeta functions of the Hilbert class field H(C) and successive iterates H(H(C)), . . . determines an algebraic curve C over a finite field up to Frobenius twist. These two approaches are naturally related to the classical work of Neukirch and Uchida of recovering global fields from their absolute Galois groups [Uch77] , and the more recent work of of Mochizuki and Tamagawa (see [Moc07, Tam97] ) of recovering algebraic curves from their fundamental groups, respectively.
The purpose of this paper is twofold. First, we prove that a curve over a finite field can be recovered from L-functions associated to the Hilbert class field of the curve and its constant field extensions. Second, we give a new proof of the theorem of Mochizuki and Tamagawa with our method. Our approach crucially depends on the work of Zilber [Zil14, Zil17] , resolving a conjecture of Bogomolov, Korotiaev and Tschinkel [BKT10] .
L-functions
Let q = p a be a prime power, and C be a smooth, projective, irreducible curve over F q of genus at least one.
Definition 2.1. Let J C be the Jacobian of C and Φ : J C → J C denote the F q -Frobenius map. A Hilbert class field of C, with respect to a fixed embedding of C into J C , is defined to be H(C) := (Φ − I) * (C) ⊂ J C .
Note that H(C) is an unramified abelian cover of C with Galois group J C (F q ) = (ker(Φ − I)(F q )). A divisor D 1 of degree one gives an embedding of C into J C via P → [P − D 1 ] on geometric points; changing D 1 twists H(C) [AT09, VIII.3]. We fix a choice of D 1 , and let S C denote the set of places of C.
Definition 2.2. Let χ : Gal(H(C)/C) = J C (F q ) → C * be a character. For a place P of C, let Frob P ∈ Gal(H(C)/C) denote the Frobenius at P . The L-series for χ is defined as
The following result is a special case of [Ser88, VI §5 Theorem 2].
We see that
where the sum is over effective divisors on C and [.] associates a divisor of degree zero to its divisor class in the Jacobian.
We let C and C ′ be (smooth, projective, irreducible) curves over F q of genus at least two in what follows. Zilber [Zil14, Zil17] , resolving a conjecture of Bogomolov, Korotiaev and Tschinkel [BKT10] , has shown that if ψ :
, then ψ is a morphism of curves composed with a limit of Frobenius maps.
Theorem 2.4. Let C, C ′ be smooth projective curves of genus at least two over a finite field
for all n and all characters χ of J C (F q n ), then C and C ′ are Frobenius twists of each other.
Proof. We show that ψ(C(F q n )) = C ′ (F q n ) for all n ≥ 1 under our hypotheses, so we can apply Zilber's theorem. It suffices to treat the case n = 1 as the arguments are essentially the same for each n. Using (2.1) we write
Knowledge of all these L-functions for all characters χ give us the values of #{D ≥ 0 :
is not linearly equivalent to a point then #{D ≥ 0 : D ∼ x + D 1 } = 0 and if it is, then #{D ≥ 0 : D ∼ x + D 1 } = 1 since the curve has positive genus so distinct points are not linearly equivalent.
Remark 2.5. The theorem fails for genus one. In this case, for any non-trivial characters χ, we have L(t, C⊗F q n , χ) = 1 and for the trivial character, one gets the zeta function of C⊗F q n , which only detects the isogeny class of C. If we have two elliptic curves with isomorphic endomorphism rings, a result of Kohel [Koh96] implies the existence of two isogenies of coprime orders between the elliptic curves (which are their own Jacobians) and, in particular we have an isomorphism of groups between C(F q n ) and C ′ (F q n ) for every n ≥ 1 inducing equality of all corresponding L-functions.
Remark 2.6. It is not generally enough to have J C (F q ) and J C ′ (F q ) isomorphic and the corresponding L-functions matching (i.e. the conditions only for n = 1). To see this, let C/F 3 be a curve of genus two with non-constant map of degree two π : C → P 1 such that:
• C has no rational or quadratic Weierstrass points, • only one rational point of P 1 splits in C under π, • J C (F 3 ) has order 5.
[SV, Example 4.1] provides two non-isomorphic curves satisfying these conditions. But these conditions will determine L(t, C, χ) for each character χ : J C (F 3 ) → C * , providing the desired example.
The conditions imply one fiber of π consists of rational points and the other three fibers of π consist of pairs of quadratic points. Let C(F 3 ) = {P, Q}. The fibers give linearly equivalent effective divisors of degree two. The divisors 2P, 2Q are also effective divisors of degree two but are not equivalent to the fibers or to each other. As J C (F 3 ) has order 5 there are two more classes of divisors of degree two, each represented by a single effective divisor consisting of conjugate quadratic points. So #C(F 3 ) = 2, #C(F 9 ) = 12 and the zeta function of C (which is the L-function with trivial character) is determined.
We use D 1 = P as the divisor of degree 1 embedding C in J C . For divisors of degree one, P → 0 and Q → Q − P ; notice the latter generates J C (F 3 ). For divisors of degree 2, we have D → D − 2P . Thus P + Q → Q − P and likewise for the other fibers of π as they are linearly equivalent. Furthermore 2P → 0 and 2Q → 2(Q − P ). The two other effective divisors of degree 2 map to 3(Q − P ), 4(Q − P ) respectively. Since we know that L(t, C, χ) is a quadratic polynomial, if χ = 1 this is enough information to compute it. In particular, if χ(Q − P ) = ζ then using (2.1) we have
Remark 2.7. All of the L-functions appearing the theorem can be realized as (non-abelian) L-functions over the base field. Recall that for a Galois extension of global fields L/K with Galois group G, a subgroup H ⊂ G with K ′ = L H , and a representation ρ of H, we have that (note the change of variable to s) L(s, L/K ′ , ρ) = L(s, L/K, Ind G H (ρ)). Taking K = F q (C) and L the function field of the cover of C corresponding to the cover of J C given by (F n − I) * (note this cover includes an extension of the constant field when n > 1), we see that for a character χ of J C (F q n ), L(t n , C F q n , χ) = L(t, C, Ind Gal(L/K) J C (F q n ) (χ)).
Fundamental groups
Recall the fundamental exact sequence of fundamental groups (3.1) 1 → π 1 (C) → π 1 (C) → G Fq → 1, whereC = C ⊗F q and G Fq is the absolute Galois group of F q . We use the notation p C : π 1 (C) → G Fq for the right map in the above sequence. As mentioned in the introduction, we give a new proof of the following theorem.
Theorem 3.1. (Mochizuki-Tamagawa) Let C, C ′ be smooth projective curves of genus at least two over a finite field F q . If there is an isomorphism from π 1 (C) to π 1 (C ′ ) inducing the identity on G Fq via p C , p C ′ , then C is isomorphic to C ′ .
Proof. First, notice that the isomorphism between π 1 (C) to π 1 (C ′ ) immediately gives isomorphisms between π 1 (C ⊗ F q n ) and π 1 (C ′ ⊗ F q n ). As remarked in [ST09, Lemma 3.8], we know J C (F q n ) = π 1 (C ⊗ F q n ) ab,tor , the torsion of the abelianisation of π 1 (C ⊗ F q n ) = p −1 C (G F q n ). Thus there are isomorphism between J C (F q n ) and J C ′ (F q n ).
Let J X be the Jacobian of a curve X defined over a finite field k; there is an analogous fundamental exact sequence for J X (3.2) 1 → π 1 (J X ) → π 1 (J X ) → G k → 1.
Furthermore π 1 (J X ) is the abelianisation of π 1 (X). Thus the prime-to-p part of π 1 (J X ) is the product of the Tate modules of J X . The fundamental exact sequence describes the Galois action on the Tate module, so a description of π 1 (J X ) (or of π 1 (X)) is equivalent to the L-polynomial of X. Now take k = F q n , X := X n = H(C ⊗ F q n ), and let Φ denote the F q -Frobenius. For characters χ of J C (F q n ), the L(t, C ⊗ F q n , χ) are the characteristic polynomials of Φ n in the χ-eigencomponent of the Tate module of J Xn . Moreover, π 1 (X n ) is the kernel of the map π 1 (C ⊗ F q n ) → J C (F q n ), so it is determined by π 1 (C). The result now follows from Theorem 2.4, using the maps p C , p C ′ to resolve the twist.
